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Abstract. If C C P| is an integral curve and k an algebraically closed field 
of characteristic 0, it is known that the points of the general plane section 
C PI H of C are in uniform position. From this it follows easily that the general 
minimal curve containing C n H is irreducible. If charfc = p > 0, the points 
of C n H may not be in uniform position. However, we prove that the general 
minimal curve containing C n H is still irreducible. 



1. Introduction 

Let C be an integral curve in P|, where k is an algebraically closed field of 
characteristic 0. Harris in [7J proves that the points of a general plane section 
C n H of C lie in uniform position, which means that all the subsets of C n H 
of the same cardinality have the same Hilbert function. A set of points with the 
Uniform Position Property has some interesting properties, as the fact that the 
general minimal curve containing it is irreducible. 

In positive characteristic the Uniform Position Property is not satisfied for all 
the generic plane section of integral curves. Indeed in p~4j Example 1.2] Rathmann 
gives an example of a complete intersection integral curve, whose generic plane 
section is not in uniform position. However the general minimal curve containing 
it is still irreducible. 

In §3 we prove that, independently of the characteristic of the base field, the 
general minimal curve containing the generic plane section of an integral curve is 
always irreducible. From it also follows easily that the generic plane section of 
an integral curve has the Hilbert function of decreasing type, fact well known in 
characteristic (see [7J for example) and proved in positive characteristic in [T]. 

2. Preliminaries and notation 

Let us denote X a finite set of points in P|, where k is an algebraically closed 
field. Let us recall the following: 

Definition 2.1. We say that X has the Uniform Position Property (briefly UPP) 
if, for any n < deg X, all the subsets of n points have the same Hilbert function. 

If this happens, then (see [3]) the Hilbert function of a set Z C X of n points is 
the following truncated function: 

(2.1) H(Z,i) =mxa{H(X,i),n} Vi. 

One of the main consequences of the Uniform Position Property is the following: 
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Proposition 2.2 ( 7, p. 198]). If X is a set of points in P 2 in uniform position and 
X' C X is such that ^(^'(O) ^ °> then h°{J x {l)) = h°(S X '(l))- So every curve 
of degree I containing X' contains X . In particular this holds when degX' = 



l _ /l+2\ 
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Proof. If ft, x (^x'(0) + °) then: 

H{X',l) = h° (^p»(0) - PMO) < degX' 
and so, by (|2~T|) . Z) = Z), which implies that: 

h°{Sx>(l)) = h°(S x (l)). 
If degX' = ( l + 2 ) and h°(y x ,(l)) ^ 0, one has: 

x(^x(0) - x(<M0) - x(^x(0) = o. 

so that: 

h 1 (J? x (l)) = h°(J? x , (0)^0. 
If h?{j? x >{l)) = 0, then it must be h°(,y x (l)) =0. □ 

An important corollary of this fact is: 

Proposition 2.3 ([10l Remark 1.2(h)], [2, Theorem 3.4]). Let X cF 2 be a reduced 
scheme in uniform position such that: 

deg X = n = 

with < h < d+ 1. //: 

ff = inf {ieN|#° 

(1) i/ either g<dorg = d+ l and h > 2, every element of H°(^ x (g)) is 
irreducible; 

(2) if g = d+1 and h = 0, 1, the generic element of H {^f x {g)) is irreducible. 
In particular there exists a minimal smooth curve containing X . 

Proof. We follow the proof in [10]. First of all note that h°{J? x {d+ 1)) ^ 0, so that 
g < d + 1. Indeed: 

d + l + 2\ , „ A2 + 3\ /d + 2> , , 

- degX = - - h = d + 2 - h> 1. 



2/ V 2 / V 2 

If F = F X F 2 e H°(S x (g)), with degFi = r x > 0, deg_F 2 = r 2 > and 
7'i + r 2 = .9, then, by Proposition [521 Fi (resp. F 2 ) can contain at most ( ri 2 2 ) — 1 
(resp. ( r2 + 2 ) - 1) points of X. So: 

from which it follows that: 

d 2 + 3d + 2h < n 2 + r 2 2 + 3g - 2. 
But ri 2 + r 2 2 — g 2 — 2r\r 2 , where: 

r\r 2 = n(g -ri)>g-l 

and so: 

d 2 + 3d + 2h < g 2 + g. 
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If g < d, then we get a contradiction for any h. If g = d + 1, then we conclude that 
h < 1. In this case, not every curve containing X of degree g = d+ 1 is irreducible, 
but using Theorem 3.5] we see that this is true for the generic one, because 
there exists one which is nonsingular. □ 

The most important result relating UPP and plane section of curves is the fol- 
lowing: 

Theorem 2.4 (Uniform Position Lemma, [7, §2]). J/CcP' is an integral curve 
and charfc = 0, then the points of the generic plane section of C are in uniform 
position. 

Corollary 2.5. If C C P)J is an integral curve and charfc = 0, the general minimal 
curve containing the generic plane section of C is irreducible. 

Proof. Just apply Proposition 12.31 and Theorem 12.41 □ 

Example 2.6 (see p~4j Example 1.2]). Let G be the curve defined as the complete 
intersection of XQ q — xix^^ 1 — x\ q — x^x^ 1 = 0, where q = p' , for some / > 0. 
On the open affine set defined by X3 ^ the curve C is described by: 

£0 = t, X\ = t Q , X2 = t q 

so that C is rational and integral. However the general plane section of C looks like 
a 2-dimensional vector space over a field with q elements. Indeed, if P$ , P\ , P2 G C 
are linearly independent and H is the plane containing the three points, then the 
points of C n H are given by: 

P = P Q + Xi(Pi - Po) + A 2 (P 2 - P Q ) 

where Af = Aj for i = 1, 2. Note also that given two points Po,Pi £ C the line 
Pofi meets C in the points given by: 

P = P + fi{P 1 -P ) 

where fi q = /i. So in every generic plane section of C there are, for q > 4, at least 3 
collinear points and 3 linearly independent. It means that the generic plane section 
of C has not the UPP. 

Since C is a complete intersection of two surfaces of degree q, CDH is a complete 
intersection too and the minimal curves containing CnH have degree q. Since C is 
integral, these surfaces are integral and the generic plane section of each of them is 
an integral curve in H. So, in this case, every minimal curve containing the generic 
plane section of C is irreducible, because every minimal surface containing C is 
irreducible. 

3. The fibres of morphisms 

In this section we recall some results that will be useful in the sequel. 

Lemma 3.1. Let Y be a locally noetherian and integral scheme and f : X — >• Y a 
morphism of finite type. Then there exists an open nonempty subset UofY such 
that /]/-!(£/) : f^iU) -*U is flat. 

Proof. This follows from [1 Theoreme 6.9.1], with & = X - □ 
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Lemma 3.2 ([3J Corollaire 3.3.5]). Let X and Y be locally noetherian schemes and 
f : X — >• Y be a flat morphism. IfY is reduced in the points of f(X) and if f^ 1 (y) 
is a k{y)-scheme reduced for every y G f(X), then X is reduced. 

Another result that will be useful in the proof of the main result of this paper is 
the following: 

Theorem 3.3. Let f : X — > Y be a dominant morphism from an irreducible 
algebraic variety X to an algebraic variety Y. Let U C Y and V C C X 

be affine open subsets and u\, ... ,u r G k[V] algebraically independent over k(U) = 
k(Y) such that for some variable T: 

k[V]^k[U][u u ...,u r ][T]/(F) 

with F G k[U][ui, . . . ,u r ][T] irreducible polynomial. If k(Y) is algebraically closed 
in k{X), there exists a nonempty open subset W C V such that for every y G W 
the fibre f~ 1 (y) is geometrically integral. 

Proof. The proof works as in [HI Theorem 1, p. 139]. □ 

4. Curves of least degree 

In this section we consider an integral curve C C P 3 ., where k is an algebraically 
closed field of any characteristic. Let {x^} be a system of coordinates over P 3 and 
{t a } a system of coordinates over the dual space P 3 . Denote by ,J?c the ideal sheaf 
of C in P 3 and let us consider the incidence variety M C P 3V x P 3 determined by: 

3 

h — tiXi = 0. 

i=0 

Let us consider the two projections: 

p : M —> P 3 , 

g : M -» P 3V 
and the following module over &m'- 

/(m, n) = g* (^v ( m )) ® &M p* { J c {n)) . 

If T = p _1 (C), then it is easy to see that T is integral. Indeed, every fibre of 
the projection p\x ■ T — > C is integral and equidimensional of dimension 2, being 
isomorphic to a projective plane. So T is irreducible and p\x is flat, by [SJ Ch. Ill, 
Theorem 9.9] (note that T C P 3V x C). By Lemma EHl T is reduced. It is also 
possible to show that J? = <#r, the ideal sheaf of T in M (see [T]). 

Theorem 4.1. J/IcP 2 is a generic plane section of an integral curve C C P 3 , 
then the generic curve in P 2 of minimal degree containing X is irreducible. In 
particular, if there exists only one curve of minimal degree containing X , such a 
curve is irreducible. 

Proof. Let us denote by s the minimal degree of a plane curve containing X. Then 
there exists a ^> such that H°(j?(a, s)) ^ (see [6] and [TJ Proposition 3.2]). So 
we can take a general form F G H°(M, J^{a, s)), with a minimal, in such a way 
that it determines a hypersurface S in the incidence variety M . Since J* = J ! t 1 
T C S. T is integral and so S is integral too, by the minimality of s and a. 
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Since the projection T — > P 3 is dominant, S — > P 3 is dominant too and, as in 
[H Proposition 3.2], we see that for a generic Ph G P 3V corresponding to a generic 
plane in P 3 , p (S H g^ 1 (PH)) is a curve of degree s containing C n H. 

Note that by the Kiinneth formula (see [TITI Ch. VI, Corollary 8.13]) we get: 

H 1 (i^p3v xp3 (to, n)) = Vm, n. 

This implies that we have the following surjective map: 

H° (^ r 3v xp3 (m,n)) -> if (@ M {m,n)) -> Vm,n. 

So, since ^ C ^m, the form F G H°(j^(a, s)) defining 5 can be lifted to a 
homogeneous polynomial / G fc[i;x] of bidegree (a, s). So 5 in P 3 x P 3 is the 
complete intersection determined by: 

3 

5] *i*< = o. 

i=0 

Note that restricting to the open subsets U C P 3V , given by t 3 ^ 0, and V G S, 
given by i 3 ^ 0, x 2 # 0, we get: 

fc[L7] =fc[*o,*i,*a] 

(4.1) fc[V] =k[to,t 1 ,t 2 ,x ,x 1 }/(F) 

where F(t , t 2 , £o, %i) = f(t ,ti,t 2 ,l;x ,xi,l,t x a +t ± xi +t 2 ). 

We want to show that the generic curve of degree s containing X is irreducible. 
So we show that the generic fibre of the projection 175 : S — > P 3V is irreducible. By 
Theorem 13.31 we see that it's sufficient to show that fc(P 3 ) is algebraically closed 
in k(S), since by (|4. 1[) we see that in this case all the conditions are satisfied. 

Let us consider the algebraic closure K of gs*k(P 3V ) in k(S). We want to 
show that K = ss + fc(P 3 ). Of course K is finitely generated over k and so it 
corresponds to an irreducible variety Z such that k(Z) — K. Since K is algebraic 
over gs*k(F 3V ), we see that dimZ = 3 and that we can factor gs as a composition 
of rational maps: 

(4.2) S Z --\ P 3V 

where tti is dominant and has irreducible fibres (by Theorem 13. 3p and n 2 is gener- 
ically finite. 

Let us take an open subset U C P 3V , whose points correspond to planes that are 
general for C, and V = tt 2 ~ 1 {U) G Z and W — 3s _1 (J7) C S, so that the following: 

is a factorisation of gjj : W — > U and the following conditions are satisfied: 

gu is flat, 

the projection T n {g^{U)) -)• U is flat, with g : M -> P 3V , 

(4.3) gu~ 1 (Pn) is reduced and dim gu^ 1 {Pn) — 1 for any Pjj G C/ 
and: 

(4.4) 7r 2 _1 (L n {/) is irreducible 
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for any LcP 3 plane such that L n U ^ 0. Note that [/ 7^ by Lemma O and 
by I, Theorem 6.10(3)]. 

We will show that 7r 2 : V — > U is an isomorphism. 

Let us consider the fibred product W x y V and the projection: 

^ : W x v V -+ V. 

Claim 1. W Xjj V is equidimensional of dimension 4 and is reduced. 

proof of Claim 1. By (TQ1) any point Q G V is such that 7r 2 (<3o) = -Pff G C P 3V 
corresponds to a plane H and so: 

(4.5) <t>-\Q ) = (W xt, V) x v Speck(Q ) = W x v Speck{P H ) = gu^iPn)- 

So (f>~ 1 (Qo) is isomorphic to a curve in H of degree s containing C <~) H. So all 
the fibres of <j> are equidimensional of dimension 1 and so we see that W x \j V is 
equidimensional of dimension 4. 0~ 1 (Qo) is also reduced for any Qo G V and </> 
is flat, by base change, being gy flat by construction. So using Lemma 13.21 we see 
that W x u V is reduced. 

Let us now consider g : M —> P 3V and T = p~ x (C). Since g _1 ([7) is an open 
subset of M and T C M, then T n (cr 1 ^)) is dense in T. So we can consider 
V = (Tn(g-\U)))x u V. 

Claim 2. T" zs integral. 

proof of Claim 2. Let us consider the projection: 

ip:T' ->C 

so that ip(T') is an open subset of C . Taken any Pq G ip(T'), we see that: 

(4.6) ip-^Po) = (L Po nU)xuV^ m-HLpb n u ) 

where Lp C P 3 is the linear subvariety of the planes containing Pq and has dimen- 
sion 2. By the definition of V we see that L Po nU =^ and by (03]) 7r 2 _1 ( L Po n t 7 ) 
is irreducible for any Pq G ip(T'). So from (|4.6[) we conclude that T" is irreducible. 
Let us consider now 4>T' '■ T 1 — > V. This is a surjective morphism such that: 

(4.7) (pT~\Qo) —T'x v Spec k(Q ) = T x v Spec k(P H ) = Cf)H. 

Since by construction T n (<7 _1 (J/)) — ► U is flat, by base change fa' is flat too and 
so by Lemma 13.21 we see that T' is reduced. So the claim is proved. 

Claim 3. W XjjV is integral. 

proof of Claim 3. Since dim W x jj V = 4 and W x u V is reduced, there exists an 
integral component W of W Xy V, with dim T'F = 4, such that T" C W. Since </>t' 
is surjective, then: 

tp : W -> V 

is surjective too. So, taken any Qo G V, if ^(Qo) = Ph, we have: 

(4.8) dimp-^Qo) > 1 
and 

(4.9) CHH S ^- X (Q ) C ^(Qo) C ^(Qo) = SiT 1 ^*) 

by (|4.5| and (|4.7|) . By (|4.3p </> _1 (Qo) = gu^ 1 (Pn) is equidimensional of dimension 1 
for any Q G V and we see by (|4.8|1 that </5 _1 (Qo) C gu {Ph) is equidimensional of 
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dimension 1 for any Qo € V. So (^ _1 (Qo) is a component of the curve gu~ l {Pii) of 
degree s containing CCiH by (|4.9|) . By the minimality of s <p~ l {Qo) — gu^ 1 (PH) = 
4'~ 1 {Qo) for any Q a e V. So W — W XuV, which means that W Xu V is reduced 
and irreducible. 



Claim 4. W x v V = W. 



proof of Claim 4- Let us now consider the projection ip : W Xu V — > W and take 
any P a eW. Then: 

^- x (Po) = Spec^CPo) x,y~ Tra-^Cfl,)). 
So ^ is a finite morphism and: 

(4.10) i)*k(W) Ck(W XuV) 

is an algebraic field extension. Obviously we have the following commutative dia- 
gram: 

71"! 




and so, by the properties of the fibred product, there exists a morphism t : W 
W XuV that factors the identity on W: 




■>W x v V 



(4.11) 



So, being W V integral, r must be surjective and so we get the inclusion 
r*k(W x v V) C k(W). Applying t* to ((4710)) we get: 

k(W) = T*?P*k(W) C r*k{W x v V)c k(W) 



so that r*k(W XuV) = k(W). It means that r is an isomorphism and from (|4.11|) 
we see that ip is an isomorphism. 



From W — W Xu V it follows immediately that U = V and in this way the 
theorem is proved. □ 

Now we show that from this result it follows easily that the Hilbert function of 
the generic plane section of C is of decreasing type. Let X = C fl H be a general 
plane section of C and H(X, _ ) the Hilbert function of X in H. The first difference 
of the Hilbert function is: 



AH(X, i) = H(X, i) - H(X, i - 1) Vi. 
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It is known [3] that there exists a\ < a 2 < t such that: 

i + 1 for i = 0, . . . , Oi — 1 

ai for i = ai, . . . , a% — 1 

AH(X, i) = ^ < a% for i = a 2 

non increasing for i — a 2 , ■ ■ ■ ,t 

for i > i. 

Definition 4.2. We say that X has i/ie Hilbert function of decreasing type if for 
a-2 < i < j < t we have AH(X, i) > AH(X,j). 

It is well known that the Hilbert function of the generic plane section of an 
integral curve is of decreasing type (see [7], [12], Lemme 3.2] for charfc = and 
[U Theorem 3.3] for any characteristic). This fact is direct consequence of Theorem 

an 

Corollary 4.3. Let C C P 3 be an integral curve and let X = C n H be a general 
plane section of C . Then the Hilbert function of X is of decreasing type. 

Proof. Let Cj = AH(X, i) for each i. Let us suppose that for some s > a\ we 
have c s _i = c s . From [TU1 Theorem 2.9] we see that the curves in H of degree s 
containing X have a common factor D of degree c s . In particular D is a common 
factor of the minimal curves containing X. However from Theorem 14. II the general 
minimal curve is irreducible. So D is irreducible and is the only minimal curve 
containing X. Since degD = c s , we have c s = a\ and so the Hilbert function of X 
is of decreasing type. □ 
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